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Abstract
A colouring of a 4-cycle system (V;B) is a surjective mapping  :V → . The elements of  are colours and, for
each i∈, the set Ci = −1(i) is a colour class. If || = m, we have an m-colouring of (V;B). For every B∈B, let
(B) = {(x) | x∈B}. We say that a block B is equitably coloured if either |(B) ∩ Ci|= 0 or |(B) ∩ Ci|= 2 for every
i∈. Let F(n) be the set of integers m such that there exists an m-coloured 4-cycle system of order n with every block
equitably coloured. We prove that:
• minF(n) = 3 for every n ≡ 1 (mod 8), n¿ 17, F(9) = ∅,
• {m | 36m6 n+3116 } ⊆F(n), n ≡ 1 (mod 16), n¿ 17,
• {m | 36m6 n+2316 } ⊆F(n), n ≡ 9 (mod 16), n¿ 25,
• for every su!ciently large n ≡ 1 (mod 8), there is an integer <m such that maxF(n)6 <m. Moreover we show that
maxF(n) = <m for in=nite values of n.
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1. Introduction
A 4-cycle system of order n is a pair (V;B), where V is the vertex set of Kn, the complete undirected graph on n
vertices, and B is an edge-disjoint decomposition of Kn into cycles of length 4. Usually we say that B is the block-set,
and every 4-cycle B∈B is a block. It is well-known that a nontrivial 4-cycle system of order n there is if and only if
n ≡ 1 (mod 8), n¿ 9 (for results on 4-cycle systems see the very nice survey by Lindner and Rodger [3]).
A 4-cycle system can be seen as a hypergraph. The vertices of every 4-cycle form a hyper-edge and the block set B
is the family of all hyper-edges.
A colouring of (V;B) is a surjective mapping  : V → . The elements of  are colours and, for each i∈, the set
Ci = −1(i) is a colour class. If ||=m, we have an m-colouring of (V;B). For every B∈B, let (B) = {(x) | x∈B}.
A colouring  is weak (strong) if for all B∈B, |(B)|¿ 1 (|(B)| = 4, respectively). In a weak colouring, no block
is monochromatic (i.e., no block has all its elements of the same colour), while in a strong colouring, the elements of
every block B get 4 distinct colours. There exists an extensive literature on subject of colourings of graph designs (for a
survey, see [2]). Most of the existing papers are devoted to the case of weak colourings. However, recently other types of
colouring started to be investigated, mainly in connection with the notion of the upper chromatic number of a hypergraph
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[1,5,6,10,11]. Most of them satisfy the inequalities 1¡ |(B)|¡k, i.e. are strict colourings in the sense of Voloshin
[10,11] in which the blocks are both C-edges and D-edges. A step further is given by Milici et al. [7] where the authors
consider some types of colouring of S(2; 3; v) and S(2; 4; v) in which only speci=ed block colouring patterns are allowed.
This paper is a continuation of the investigations started in [8] using the approach originated =rst in [7].
There are seven distinct colouring patterns in which a 4-cycle can be coloured: type a (××××, monochromatic), type
b (××× , two-coloured of pattern 3 + 1), type c (×× , two-coloured of pattern 2 + 2), type d (× × , mixed
two-colored), type e (×× , three-coloured of pattern 2 + 1 + 1), type f (× ×, mixed three-coloured), type g
(× ♦, four-coloured or polychromatic).
Let S be a subset of {a; b; c; d; e; f; g} and let (V;B) be a 4-cycle system. An m-colouring  of (V;B) is said of type S
if the type of every 4-cycle of B is in S. Quattrocchi [8] studied the existence of 4-cycle systems having an m-colouring
of type S ⊆ {b; d; f}. In the present paper we are interested in m-coloured 4-cycle systems of type S = {c; d}. We say
that a block B is equitably coloured if either |(B) ∩ Ci| = 0 or |(B) ∩ Ci| = 2, for every i∈. A type cd m-coloured
4-cycle system is an m-coloured 4-cycle system with every block equitably coloured. Let F(n) be the feasible set of
integers m such that there exists an m-coloured 4-cycle system of order n with every block equitably coloured. We prove
that:
• min F(n) = 3 for every n ≡ 1 (mod 8), n¿ 17, F(9) = ∅;
• {m | 36m6 n+3116 } ⊆F(n), n ≡ 1 (mod 16), n¿ 17;
• {m | 36m6 n+2316 } ⊆F(n), n ≡ 9 (mod 16), n¿ 25;
• for every su!ciently large n ≡ 1 (mod 8), there is an integer <m such that maxF(n)6 <m (Theorems 3.3 and 4.2).
Moreover we show that maxF(n) = <m for in=nite values of n (Corollaries 3.4, 3.5, 3.7, 4.3).
2. Colouring 4-cycle systems with equitably coloured blocks and a small number of colours
Let (V;B) be an m-coloured 4-cycle system of order n with every block equitably coloured. Denote by Ci the colour







is even. This statement is a direct consequence of the fact that monochromatic edges are covered by type c
blocks.
2. It is ci¿ 3, i=1; 2; : : : ; m. In order to prove this statement =rst note that ci¿ 2. Suppose there is some j∈{1; 2; : : : ; m}
such that cj =2 and put Cj = {a; b}. It follows that the block abxy covering the edge ab is of type c. Denote by ax
the block covering ax. Being ax of type d,  = b follows. So the edge bx remains covered by two distinct blocks.
A contradiction.
3. It is m¿ 3. In order to prove this statement suppose m= 2. It follows c1 = c2. Moreover c1 + c2 = n ≡ 1 (mod 8). A
contradiction.
From 1 and 2, it follows that an m-coloured 4-cycle system of order 9 with every block equitably coloured cannot
exist.
Theorem 2.1. For every i = 1; 2; : : : ; m, ci6 n−32 .


























It follows cj ¡ n2 . So cj6
n−1
2 . Suppose cj =
n−1















It is easy to see that there is not n ≡ 1 (mod 8), n¿ 17, satisfying this last inequality.
Theorem 2.2. An m-coloured 4-cycle system of order n with every block equitably coloured has exactly one colour class
whose cardinality is odd.
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Proof. Let Ci and Cj be two distinct colour classes. Every 4-cycle contains t ∈{0; 2; 4} edges of the complete bipartite
graph KCi;Cj .
Theorem 2.3. Let (V;B) be an m-coloured 4-cycle system of order n with every block equitably coloured. Let Ci be
the colour classes, |Ci|= ci, i = 1; 2; : : : ; m. Let C1 be the colour class having odd cardinality.
1. If |Ci|= 4 for some i = 1, then for every x; y∈Ci, x = y, (x; y; a; b)∈B implies a; b∈C1.
2. If |Ci|¿ 6 for some i = 1, then there are at least ci2 blocks (x; y; a; b)∈B such that x; y∈Ci and a; b∈C1.
Proof. The proof of 2 is straightforward. We prove 1. Let Ci={x1; x2; x3; x4} and C1 ={aj | j=1; 2; : : : ; 2t+1}. For every
 = 1; 2; 3; 4 denote by () the number of blocks of type c meeting x and C1. It is either () = 1 or () = 3. The
following cases are an easy consequence from the fact that |C1| is odd.
• Suppose (1) = (2) = 3. It follows (3) = (4) = 3 and the theorem is proved.
• Suppose (1) = 3 and (2) = 1. It follows (3) = (4) = 1. Then the edges of KC1 ;Ci are covered by 3 blocks of type
c and |C1|·|Ci|−64 blocks of type d. This is impossible because 4 A 6.
• Suppose (1) = (2) = 1. It follows (3) = (4) = 1. So it is possible to suppose x1x2a1a2, x3x4a3a4 ∈B. It follows
x1a1xaj ∈B with ∈{3; 4} and j∈{3; 4; : : : ; 2t + 1}. Suppose x1a1x3aj ∈B. Then the block covering the edge a1x4
must be of type c. A contradiction.
Corollary 2.4. Suppose there exists an m-coloured 4-cycle system of order n with every block equitably coloured. Let
Ci be the colour classes, |Ci|= ci, i = 1; 2; : : : ; m. Let c1 be odd.

































Corollary 2.5. Let (V;B) be an m-coloured 4-cycle system of order n with every block equitably coloured. Suppose
(V;B) contains q colour classes of cardinality 4. Say C1 be the colour class of odd cardinality c1. Then c1¿
√
8q + n.








q + n−c1−4q2 .
Theorem 2.6. For every n ≡ 1 (mod 16) and for every 36m6 n+3116 , there is an m-coloured 4-cycle system of order n
with every block equitably coloured.
Proof. n=17. Colour classes: C1={∞; c1; c2; : : : ; c6}, C2={b1; b2; : : : ; b6} and C3={a1; a2; a3; a4}. Type c blocks (commas
and brackets are omitted): c1c2b1b2, c1c3b1b3, c1c4b1b4, c1c5b1b5, c1c6a1a2, c1∞a1a4, c2c3b2b3, c2c4b2b5, c2c5a1a3, c2c6a3a2,
c2∞b2b6, c3c4b4b3, c3c5b2b4, c3c6b3b5, c3∞b3b6, c4c5a3a4, c4c6b5b6, c4∞a4a2, c5c6b1b6, c5∞b5b4, c6∞b4b6.
Type d blocks: b1c1b6∞, b2c2b4c6, b3c4b5c5, a1c1a3c4, a1c2a4c3, a2c3a3∞, a2c5a4c6; decompose the complete bipartite
graph KC2 ;C3 into 4-cycles [3,9].
Let n = 1 + 16k, k¿ 2. Put Ci1 = {ci1; ci2; : : : ; ci6}, Ci2 = {bi1; bi2; : : : ; bi6} and Ci3 = {ai1; ai2; ai3; ai4}, i = 1; 2; : : : ; k. Let m





j and colour !1 to ∞. Let f be a surjective mapping from {1; 2; : : : ; k} to {!3; !4; : : : ; !m}. Give colour
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f(i) to the elements of Ci3. For every i construct a copy of 4-cycle system above having colour classes {∞} ∪ Ci1, Ci2







for every i; j = 1; 2; : : : ; k i¡ j.
• Let f(i) = f(j).




#, "; #= 1; 2; : : : ; 6.












• Let f(i) = f(j).
1. Type c:
◦ ci"cj#bi"bj#, "; #= 1; 2; 3; 4;
◦ ci5cj#ai1aj#, ci6cj#ai2aj#, bi5bj#ai3aj#, bi6bj#ai4aj#, #= 1; 2; 3; 4;
◦ ci5cj5bi5bj5, ci5cj6bi5bj6, ci6cj5bi6bj5, ci6cj6bi6bj6.

































































Theorem 2.7. For every n ≡ 9 (mod 16), n¿ 25, and for every 36m6 n+2316 , there is an m-coloured 4-cycle system of
order n with every block equitably coloured.
Proof. n= 25. Colour classes: {∞} ∪ X1, where X1 = {x1; x2; : : : ; x8}, X2 = {y1; y2; : : : ; y8} and X3 = {t1; t2; : : : ; t8}.
() Type c blocks: x1x2y2y1, x1x3t1t3, x1x4t8t1, x1x5t2t7, x1x6y3y2, x1x7y6y3, x1x8t1t2, x1∞y5y4, x2x3t2t3, x2x4t3t4, x2x5t1t5,
x2x6y5y3, x2x7y7y4, x2x8y1y5, x2∞t2t8, x3x4t2t5, x3x5y6y1, x3x6t5t8, x3x7y2y7, x3x8y6y5, x3∞y7y6, x4x5y1y4, x4x6y8y5,
x4x7t6t5, x4x8y2y6, x4∞y8y7, x5x6t1t7, x5x7y8y2, x5x8y3y7, x5∞t6t8, x6x7t3t7, x6x8t7t6, x6∞y3y1, x7x8t3t5, x7∞t4t7,
x8∞t8t4, y1y7t4t1, y1y8t4t2, y2y4t6t1, y2y5t6t2, y3y4t8t3, y3y8t5t4, y4y6t7t5, y4y8t6t4, y5y7t6t3, y6y8t7t8.
() Type d blocks: t1x4t7∞, t1x2t2x7, t2x6t8x8, t3x3t4x6, t3x5t5∞, t4x1t8x7, t4x4t6x5, t5x1t6x8, t6x2t7x3, y1x2y6∞, y1x4y3x7,
y2x3y8x4, y2x6y4∞, y3x3y4x5, y4x7y5x8, y5x1y8x5, y6x1y7x6, y7x2y8x8, t1y3t2y4, t1y5t2y6, t1y7t2y8, t3y1t5y6, t3y2t8y8,
t3y4t7y7, t4y1t8y5, t4y2t6y6, t5y2t7y5, t5y3t8y7, t6y1t7y3.
Let n=9+16k, k¿ 2. Put Ci1 = {ci1; ci2; : : : ; ci6}, Ci2 = {bi1; bi2; : : : ; bi6} and Ci3 = {ai1; ai2; ai3; ai4}, i=1; 2; : : : ; k − 1. Let m be
an integer such that 36m6 k+2 and let ={!1; !2; : : : ; !m} be the colour set. For j=1; 2 give colour !j to the elements
of Xj ∪ (⋃k−1i=1 Cij) and colour !1 to ∞ (the sets X1, X2 and X3 are de=ned in the case n = 25). Let f be a surjective
mapping from {1; 2; : : : ; k} to {!3; !4; : : : ; !m}. Give colour f(i) to the elements of Ci3, i=1; 2; : : : ; k − 1, and colour f(k)
to the elements of X3. For every i construct a copy of the 4-cycle system of order 17 given in Theorem 2.6, based
on colour classes {∞} ∪ Ci1, Ci2 and Ci3. The following 4-cycles cover the complete bipartite graphs KX1∪X2∪X3 ;Ci1∪Ci2∪Ci3 ,
i = 1; 2; : : : ; k − 1, and KCi1∪Ci2∪Ci3 ;Cj1∪Cj2∪Cj3 for every i; j = 1; 2; : : : ; k − 1 with i ¡ j.
• Let f(i) = f(k).
1. Type c: x"ci#y"b
i
#; i = 1; 2; : : : ; k − 1, " = 1; 2; : : : ; 8, #= 1; 2; : : : ; 6.
2. Type d: decompose into 4-cycles the complete bipartite graphs KCi1 ;X3 , KCi2 ;X3 , KCi3 ;X1 , KCi3 ;X2 , KCi3 ;X3 .• Let f(i) = f(j) and k¿ 3.




#, "; #= 1; 2; : : : ; 6.
















• Let f(i) = f(k).
1. Type c:
◦ x"ci#y"bi#, " = 1; 2; : : : ; 8, #= 1; 2; 3; 4;
◦ x"ci5t"ai1, x"ci6t"ai2, y"bi5t"ai3, y"bi6t"ai4, " = 1; 2; : : : ; 8.






























2, "=1; 3; 5; 7.
• Let f(i) = f(j) and k¿ 3.
1. Type c:
◦ ci"cj#bi"bj#, "; #= 1; 2; 3; 4;
◦ ci5cj#ai1aj#, ci6cj#ai2aj#, bi5bj#ai3aj#, bi6bj#ai4aj#, #= 1; 2; 3; 4;
◦ ci5cj5bi5bj5, ci5cj6bi5bj6, ci6cj5bi6bj5, ci6cj6bi6bj6.
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To complete the proof add blocks () and () above.
3. An upper bound for the feasible set F(n), n ≡ 1 (mod 16)
Theorem 3.1. Let n ≡ 1 (mod 8). Suppose there are m positive integers c1; c2; : : : ; cm such that c1 is odd, c2 is an even
integer bigger than or equal to 4, ci = 4 for every i = 3; 4; : : : ; m, n=
∑m
i=1 ci and
• ( c12 )= 6(m− 1) if c2 = 4,
• ( c12 )= 6(m− 2) + ( c22 ) if c2¿ 6.
Then n= 48#2 − 8(c2 − 2)#+ 1 for c1 + c2 = 12#+ 1, or n= 48#2 + 8(c2 − 2)#+ 1 for c1 − c2 = 12#− 3.




= 6(m − 2) + ( c22 ). Then
c1 = −1 +
√
(c2 − 2)2 + 24k. It follows that there is an even integer a such that (c2 − 2)2 + 24k = a2. Put a = 2b and
c2 − 2 = 2. It follows k = (b−)(b+)6 and b−  must be even. Put b− = 2, then k = 2(+)3 and 3|( + ).
Suppose 3|. Put  = 3#. Then k = 6#2 + 2#. It follows n= 48#2 + 8(c2 − 2)#+ 1 and c1 = 12#+ c2 − 3.
Suppose 3| + . Put  + = 3#. Then k = 6#2 − 2#. It follows n= 48#2 − 8(c2 − 2)#+ 1 and c1 = 12#− c2 + 1.
The case c2 = 4 can be proved in a similar way.
Let n ≡ 1 (mod 16) and let % be an even integer such that either %= 0 or %¿ 6. Denote by D(n; %) the set of # such
that:
(a) # is a positive odd integer,















The following result is straightforward.
Lemma 3.2. For every n ≡ 1 (mod 16), let p be the minimum even integer %∈{0}∪ {2x | x¿ 3} such that D(n; %) = ∅
and let d=min D(n; p). Put q = n−p−d4 . Then
1. p is a nonnegative even integer such that p = 2; 4,
2. d is a positive odd integer,














17 if p= 0; 6; 8(




If n¿ n(p) then maxF(n)6 q + 1 for p= 0, and maxF(n)6 q + 2 for p¿ 6.
Proof. Let (V;B) be an m-coloured 4-cycle system of order n ≡ 1 (mod 16) with every block equitably coloured. Then
(V;B) contains <q¿ 0 colour classes of cardinality four, h¿ 0 colour classes Ci having even cardinality |Ci| = pi¿ 6,
i = 1; 2; : : : ; h, and one colour class of odd cardinality <d. So we can write n = <d + 4 <q +
∑h
i=1 pi and m = 1 + <q + h.
Moreover, by Lemma 3.2, it is n= d+ 4q+ p. Suppose m¿ 1 + q if p= 0 and m¿q+ 2 if p¿ 6. We consider three
steps: p= 0, p= 6; 8 and p¿ 10.
Step 1: p= 0. If <d¿d then n= <d+ 4 <q +
∑h
i=1 pi ¿d+ 4 <q + 4h¿d+ 4q = n. A contradiction.
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. A contradiction. Let <q¡q and put q= <q+t, t¿ 1.













i=1 pi=x+4t and 8t¿ 2xd−x2. From minx∈[2; d−1](2xd−x2)=4d−4, it follows 2t¿d−1. Moreover from the assumption
1+q−t+h¿ 1+q it follows t ¡ h. Then n=d−x+4(q−t)+∑hi=1 pi¿d−x+4(q−t)+6h¿d−x+4(q−t)+6t=n−x+2t.
We obtain x¿ 2t¿d− 1. A contradiction.










and %=p1, #= <d satisfy (a), (b), (c) above. So p1¿p. From the assumption m= <q+2¿q+2 it follows <q¿q. Then

















. A contradiction. So h¿ 2.
Step 2: p = 6; 8. If <d¿d then, from the assumption m = <q + h + 1¿q + 2 and the inequality h¿ 2, it follows
n= <d+ 4 <q +
∑h
i=1 pi¿d+ 4 <q + 6h= d+ 4( <q + h− 1) + p+ 2h+ 4− p¿d+ 4q + p= n. A contradiction.
Let <d¡d. Put <d = d − x where x is an even integer such that 26 x6d − 1. If <q¿ q, then put <q = q + t, t¿ 0. It
follows
∑h
















. Then 06 8t6 x2−2xd+"(p), where
"(6) = 24 and "(8) = 48. Since maxx∈[2; d−1](x2 − 2xd) = 4 − 4d, it follows d6 "(p)+44 . By Corollary 2.5 and Theorem
3.1, we get n= 17. By Corollary 2.4 and Theorem 2.6, F(17) = {3}.
Now let <q¡q and put q = <q + t, t ¿ 0. Then n = d − x + 4(q − t) + ∑hi=1 pi and ∑hi=1 pi = x + 4t + p. It is
















. Then 8t¿ 2xd − x2 − "(p), where "(6) = 24 and "(8) = 48. Since
minx∈[2; d−1](2xd− x2)= 4d− 4, it follows t¿ 4d−4−"(p)8 . Moreover from 1+ q− t+ h¿ 2+ q, it follows t+1¡h. Then
n=d−x+4(q−t)+∑hi=1 pi¿d−x+4(q−t)+6h¿d−x+4(q−t)+6(1+t)=d+4q+p−p+6+2t−x=n−p+6−x+2t.
So x¿ 2t − p+ 6¿ 4d+20−4p−"(p)4 . It follows that 16 <d6 5 if p= 6 and 16 <d6 13 if p= 8. We get again n= 17.
Step 3: p¿ 10. We distinguish four cases: (1) <d¿d and <q¿ q, (2) <d¿d and <q¡q, (3) <d¡d and <q¿ q, (4)
<d¡d and <q¡q.
Case 1: <d¿d and <q¿ q. Put <d = d + x, x¿ 0, and <q = q + t, t¿ 0. From d + 4q + p = n = <d + 4 <q +
∑h
i=1 pi and
























2xd+ x26 (p− x − 4t)2 + 16t + 2x − p2: (1)
If x=0 and t=0 then <d=d, <q=q and
∑h

























contradiction. If x=0 and t ¿ 0 then by (1), (p−4t)2+16t−p2¿ 0. So p6 2t+2. Since 4t ¡p, we obtain 4t ¡ 2t+2.
A contradiction. Now consider 26 x6p− 12. Put g(t)= (p− x− 4t)2 + 16t. It is max
t∈[0; p−x−124 ]
g(t)= (p− x)2. Then
2xd+ x26 (p− x)2 + 2x − p2. So d6 1− p. A contradiction.
Case 2: <d¿d and <q¡q. Put <d=d+ x, x¿ 0, and <q=q− t, t¿ 1. From d+4q+p=n= <d+4 <q+∑hi=1 pi, it follows∑h
i=1 pi=p−x+4t. From the assumption q+2¡ 1+q−t+h it follows h¿ t+2 and p−x+4t=
∑h
i=1 pi¿ 6h¿ 6t+12. So















we obtain xd6 7x− px+ 36− 6p+ 2t2 + 22t − 2pt + 2tx. It is max
t∈[1; p−x−122 ]
(2t2 + 22t − 2pt + 2tx) = 24− 2p+ 2x.
So we get xd6 x(9− p) + 60− 8p= x(9− p) + 6(10− p)− 2p¡ 0. A contradiction.
Case 3: <d¡d and <q¿ q. Put <d = d − x, for some even integer x, 26 x6d − 1, and <q = q + t, t¿ 0. From
d+ 4q+p= n= <d+4 <q+
∑h
i=1 pi, it follows
∑h















, we obtain 06 8t6 x2−2xd+p2−2p. It is maxx∈[2; d−1](x2−2xd)=4−4d. So we get 06 4−4d+p2−2p,
from which d6 p
2−p+4







Case 4: <d¡d and <q¡q. Put <d = d − x, for some even integer x, 26 x6d − 1, and <q = q − t, t¿ 1. From
d+ 4q+p= n= <d+4 <q+
∑h
i=1 pi, it follows
∑h















, we obtain 8t¿ 2xd− x2 + 2p−p2. It is minx∈[2; d−1](2xd− x2)= 4d− 4. So we get t¿ 4d−4+2p−p28 . By
the assumption 1 + q− t + h¿q+ 2, n= d− x+ 4(q− t) +∑hi=1 pi¿d− x+ 4(q− t) + 6h¿d− x+ 4(q− t) + 6(t +





and <d = d− x¡ p2+2p−204 .
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Corollary 3.4. Let n be an integer such that n ≡ 1 (mod 16), n¿ 17 and D(n; 0) = ∅. Let d=minD(n; 0) and q= n−d4 .
Then maxF(n) = q + 1.




= 6q. By Theorem 3.1 (where we put c1 = d, c2 = 4 and m = q + 1), there is a positive
integer # such that either n= 48#2 + 16#+ 1 and d= 12#+ 1 or n= 48#2 − 16#+ 1 and d= 12#− 3. In order to prove





-coloured 4-cycle system of order n with every block equitably coloured.
Suppose n = 48#2 + 16# + 1. Let C1 = {x1; x2; : : : ; x12#+1}, Ci = {ai1; ai2; ai3; ai4}, i = 2; 3; : : : ; 12#2 + # + 1, be the colour
classes. Let (C1;D) be a Steiner triple system and partition D into h=#(1+12#) disjoint subsets D2;D3 : : : ;Dh+1, each of
cardinality 2. Every Di contains either two disjoint triples or two triples meeting a same point. For i=2; 3; : : : ; 12#2 +#+1
construct the following 4-cycles.
• Suppose Di = {x1x2x3; x4x5x6}. Then























2. Type d blocks:
◦ ai1x1ai4x7, ai1x5ai2x9, ai1x6ai3x8, ai2x2ai4x8, ai2x4ai3x7, ai3x3ai4x9;
◦ decompose the complete bipartite graph KCi;{x10 ;x11 ;:::;x1+12#}.
• Suppose Di = {x1x2x3; x1x4x5}. Then























2. Type d blocks:
◦ ai1x2ai3x6, ai1x3ai4x7, ai2x4ai3x7, ai2x5ai4x6;
◦ decompose the complete bipartite graph KCi;{x8 ;x9 ;:::;x1+12#}.
To complete the proof decompose into 4-cycles the complete bipartite graphs KCi;Cj for every i; j = 2; 3; : : : ; 12#
2 + #+ 1,
i = j.
The case n= 48#2 − 16#+ 1 can be proved in the same way.
Corollary 3.5. Let n ≡ 1 (mod 16) and let p, d and q be the integers de<ned in Lemma 3.2. Suppose
• p ≡ 0 (mod 16), p¿ 6,
• n satis<es the hypothesis of Theorem 3.3.
Then maxF(n) = q + 2.









3.1 (where we put c1=d, c2=6k and m=q+2), there is a positive integer # such that either n=48#2−8(6k−2)#+1 and




-coloured 4-cycle system of order n with every block equitably coloured. Suppose n=48#2−8(6k−2)#+1.
If k = 1 and # = 1 then it is n = 17 and the proof follows from Theorem 2.6. So we must prove the theorem either for





if k¿ 2 (see Theorem 3.3). In
both cases the following inequality holds
3 + 12k6 12#− 6k + 1: (2)
Let C1 = {∞; x1; x2; : : : ; x12#−6k}, C2 = {y1; y2; : : : ; y6k}, Ci = {ai1; ai2; ai3; ai4}, i = 3; 4; : : : ; 12#2 − (12k − 1)# + 2, be the
colour classes. By (2), there exists a Steiner triple system (C1;D) having the hole H = {∞; x1; x2; : : : ; x6k}. Partition D
into h=12#2− (12k− 1)#− k disjoint subsets Dk+3;Dk+4 : : : ;Dk+h+2, each of cardinality 2. Every Di contains either two
disjoint triples or two triples meeting a same point. The following 4-cycles cover the graphs KH , KC2 , KC3+i , KH; (C2∪C3+i),
i = 0; 1; : : : ; k − 1.
1. Type c blocks:




























i = 0; 1; : : : ; k − 1;
• xt+6jx+6iyt+6jy+6i, k¿ 2, 06 j¡ i6 k − 1, ; t = 1; 2; 3; 4; 5; 6.
2. Type d blocks: y1+6ix2+6iy2+6ix3+6i, y3+6ix4+6iy4+6ix5+6i,







4 x5+6i, i = 0; 1; : : : ; k − 1.
For every i= k + 3; k + 4; : : : ; 12#2 − (12k − 1)#+ 2 proceed as in Corollary 3.4 using Di and Ci. To complete the proof
decompose into 4-cycles KCi;Cj for every i; j = 2; 3; : : : ; 12#
2 − (12k − 1)#+ 2, i = j.
Analogously it is possible to prove the corollary for n= 48#2 + 8(6k − 2)#+ 1.
In order to prove the following corollary we need to construct a PBD(6k + 5; {3; 5∗}; 1) having prescribed blocks.
Lemma 3.6 (Lindner and Rodger [4]). For all integers k¿ 2 there exists a PBD(6k +5; {3; 5∗}; 1) (C1;D) on point set
C1 = {x1; x2; : : : ; x6k+5} such that E = {x1x2x3x4x5; x1x6x7; x1x8x9; x2x7x8; x2x9x10; x3x6kx6k+4; x3x6x3k+5} ⊂ D.






for even #∈ Z2k+1
#+ 2k + 3
4
for odd #∈ Z2k+1:
The result is an idempotent commutative quasigroup (Q; ◦) of order 2k + 1, where Q = {1; 2; : : : ; 2k + 1}. Let  be the
permutation (1)(2; 3; 4; : : : ; 2k + 1). Let S = {∞1;∞2} ∪ (Q × {1; 2; 3}) and let B contain the following blocks:
1. {∞1;∞2; (1; 1); (1; 2); (1; 3)};
2. {∞1; (2i; 1); (2i; 2)}, {∞1; (2i; 3); ((2i); 1)}, {∞1; ((2i); 2); ((2i); 3)}, {∞2; (2i; 2); (2i; 3)}, {∞2; ((2i); 1); ((2i); 2)},
{∞2; (2i; 1); ((2i)−1; 3)}, for 16 i6 k,
3. {(i; 1); (j; 1); (i ◦ j; 2)}, {(i; 2); (j; 2); (i ◦ j; 3)}, {(i; 3); (j; 3); ((i ◦ j); 1)}, for 16 i ¡ j6 2k + 1.
Then (S;B) is a PBD(6k + 5; {3; 5∗}; 1). It is easy to check that the following blocks are in B: {∞1; (2; 1); (2; 2)},
{∞1; (2; 3); (3; 1)}, {∞2; (2; 2); (2; 3)}, {∞2; (3; 1); (3; 2)}, {(1; 1); (2k; 1); (2k+1; 2)}, {(1; 1); (2; 1); (k+2; 2)}. To complete






x3i+h−1 if #= (i; h); 16 i6 2k + 1; 16 h6 3:
Corollary 3.7. Let n ≡ 1 (mod 16), n¿ 17. Let p, d and q be the integers de<ned in Lemma 3.2. Suppose p=8. Then
maxF(n) = q + 2.








. By Theorem 3.1 (where we put
c1 =d, c2 = 8 and m= q+2), there is a positive integer # such that n=48#2 + 48#+1 and d=12#+5. In order to prove





-coloured 4-cycle system of order n with every block equitably coloured.
Let C1 = {x1; x2; : : : ; x12#+5}, C2 = {y1; y2; : : : ; y8}, Ci = {ai1; ai2; ai3; ai4}, i=3; 4; : : : ; 12#2 + 9#− 1, be the colour classes. Let
(C1;D) be the PBD given in Lemma 3.6 where we put k = 2#. Partition D \ E into h = 12#2 + 9# − 3 disjoint subsets
D3;D4 : : : ;Dh+2, each of cardinality 2. Every Di contains either two disjoint triples or two triples meeting a same point.
The following 4-cycles cover the edges of blocks in E and in KC2 ∪ KC1 ;C2 .
1. Type c blocks: x1x2y4y1, x1x3y4y2, x1x4y5y3, x1x5y5y4, x2x3y8y5, x2x4y7y6, x2x5y1y7, x3x4y6y3, x3x5y8y7, x4x5y6y8,
x1x6y2y5, x1x7y2y6, x6x7y3y4, x1x8y4y7, x1x9y3y8, x8x9y6y5, x2x7y4y8, x2x8y8y1, x7x8y7y5, x2x9y7y2, x2x10y7y3, x9x10
y6y4, x3x12#y1y5, x3x12#+4y1y6, x12#x12#+4y2y3, x3x6y8y2, x3x6#+5y2y1, x6x6#+5y1y3.
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2. Type d blocks:
• y1x10y4x4, y2x5y3x4, y4x6#+5y7x5,y1x8y6x6,y5x12#y7x6,y1x9y8x7,y6x12#+4y7x7,y2x10y3x8,y2x12#+3y5x9,y5x6#+5y8x10,
y3x12#+3y6x6#+5, y2x12#+5y4x12#, y6x12#+5y8x12#, y3x12#+5y5x12#+4, y4x12#+3y8x12#+4, y1x12#+5y7x12#+3;
• decompose into 4-cycles the complete bipartite graphs KC2 ;{x12#+1 ;x12#+2} and, if #¿ 2, KC2 ;W where
W = {x9+2i ; x10+2i ; x6#+2i+4; x6#+2i+5 | i = 1; 2; : : : ; 3#− 3}.
For every i=3; 4; : : : ; 12#2 +9#− 1 proceed as in Corollary 3.4 using Di and Ci. To complete the proof decompose KCi;Cj
for every i; j = 2; 3; : : : ; 12#2 − 11#+ 2, i = j.
4. An upper bound for the feasible set F(n), n ≡ 9 (mod 16)
By Corollary 2.4 and Theorem 3.1, an m-coloured 4-cycle system of order n ≡ 9 (mod 16) with every block equitable
coloured contains at least two colour classes having cardinality greater than or equal to 6.
Let n ≡ 9 (mod 16) and let % be an even integer such that %¿ 12. Denote by D(n; %) the set of the integers # such
that:
(a) # is a positive odd integer;























Lemma 4.1. Let n ≡ 9 (mod 16) and let p be the minimum even integer %¿ 12 such that D(n; %) = ∅. Put d =
minD(n; p), q = n−p−d4 . Then d, p and q satisfy the following conditions.
1. n= d+ 4q + p,






















Proof. Eq. (1) and inequalities (2) are straightforward. We now prove statement 3. Suppose statement 3 is false. Then
















Moreover n= d+ 4(q+ 1) + p− 4, d is a positive odd integer and 4 | n− d− (p− 4). It follows d∈D(n; p− 4) with
p− 4¿ 12. A contradiction.
Solving (2) and (3) in Lemma 4.1, we obtain that, for p¿ 16, it is either
− 1 +
√
1 + 3n− 2p6d6− 1 +
√




3n+ p2 − 24p+ 1536d6− 1 +
√
3n+ p2 − 16p+ 73: (4)


















If n¿ <n(p) and
• p= 12; 16, then maxF(n)6 q + 3,
• p¿ 18 and d satis<es (3), then maxF(n)6 1 + q + p6 ,
• p¿ 18 and d satis<es (4), then maxF(n)6 q + 3.
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Proof. It is q+36 1+q+p6  for every p¿ 12. Let (V;B) be an m-coloured 4-cycle system of order n with every block
equitably coloured. Then (V;B) contains q′¿ 0 colour classes of cardinality four, h¿ 2 colour classes Ci having even
cardinality |Ci|=pi¿ 6, i=1; 2; : : : ; h, and one colour class of odd cardinality d′. So we can write n=d′+4q′+∑hi=1 pi
and m= 1 + q′ + h. Moreover, by Lemma 4.1, n= d+ 4q + p. Suppose m¿q + 3. The following four cases arise: (1)
d′¿d and q′¿ q, (2) d′¿d and q′¡q, (3) d′¡d and q′¿ q, (4) d′¡d and q′¡q.
Case 1: d′¿d and q′¿ q. Put d′ = d+ x and q′ = q+ t, x¿ 0, t¿ 0. At =rst suppose x = t = 0. Then p=
∑h
i=1 pi














. This last inequality and Corollary 2.4
















, from (3) of Lemma 4.1 it follows




6 6q + p+82 which yields (3). Since p=
∑h
i=1 pi¿ 6h, it is m= 1 + q + h6 1 + q + p6 .
Now let x+t ¿ 0. It is
∑h



















. So % = p− x − 4t ¡p veri=es (a), (b), (c) above. A contradiction.
Case 2: d′¿d and q′¡q. Put d′=d+x and q′=q− t, x¿ 0, t¿ 1. It is ∑hi=1 pi=p−x+4t, m=1+q− t+h¿q+3.
Then h¿ t + 3 and p− x+ 4t =∑hi=1 pi¿ 6h¿ 6(t + 3). It follows 16 t6 p−x−182 and p¿ x+ 20. By Corollary 2.4,




6 6(q− t) +∑hi=1 (pi2 )6 6(q− t) + (t + 2) ( 62)+ (p−x−2t−122 )= 6q+ 9t + 30 + (p−2t−x−122 ).
Now we prove that
6q + 9t + 30 +
(
p− 2t − x − 12
2
)






It is p¿ x + 20¿ x
2+29x+136
2x+8 . Then 4x + 72 − 4p6 2px − x2 − 25x + 4p − 64. Moreover maxt∈[1; p−x−182 ]
(4t2 + 68t −
4pt + 4tx) = 4x + 72− 4p. So 4t2 + 68t − 4pt + 4tx6 2px − x2 − 25x + 4p− 64 and (5) remains proved.





















Then d satis=es (3). From 6h6
∑h
i=1 pi = p− x + 4t, it follows h6 p−x+4t6 and h− t6 p−x−2t6 6 p6 . Then m = 1 +
q− t + h6 1 + q + p6 .
Case 3: d′¡d and q′¿ q. Put d′ = d − x, for some even integer x, 26 x6d − 1, and q′ = q + t, t¿ 0. It is∑h
































)− 15− (p−62 ). Then 06 8t6p2 − 14p+ 72 + x2 − 2xd. Since
maxx∈[2; d−1](x2 − 2xd) = 4 − 4d, we obtain 06 8t6p2 − 14p − 4d + 76, d6 p2−14p+764 . Moreover it is d¿ − 1 +√








Case 4: d′¡d and q′¡q. Put d′ = d − x, for some even integer x, 26 x6d − 1, and q′ = q − t, 16 t6 q. It is∑h
























Then 8t¿ 2xd − x2 − 72 − p2 + 14p. Since minx∈[2; d−1](2xd − x2) = 4d − 4, we obtain 8t¿ 4d − 76 − p2 + 14p,
t¿ 4d−76−p
2+14p
8 . Since h¿ t+3, it follows n= d− x+4(q− t) +
∑h
i=1 pi¿d− x+4(q− t) + 6h¿d− x+4(q− t) +
6t+18=d+4q− x+2t+18. Then x¿ 2t+18−p¿ 4d−76−p2+14p4 + 18−p, and x¿d− 1− p
2−10p
4 . By Corollary 2.5,
d′¿
√



















Corollary 4.3. Let n ≡ 9 (mod 16) and let p, d and q be the integers de<ned in Lemma 4.1. Suppose
• p ≡ 0 (mod 6), p¿ 12,
• n satis<es the hypothesis of Theorem 4.2,
• ( d2 )= 6q + 3t.





= 6q + 3t, inequalities (3) are satis=ed. Then maxF(n)6 q + t + 1. So it is suJcient to construct a
(q + t + 1)-coloured 4-cycle system of order n with every block equitably coloured. De=ne the following colour classes:
C1 = {x1; x2; : : : ; xd}, Ci+1 = {ai1; ai2; : : : ; ai6}, i = 1; 2; : : : ; t, and |Ci+t+1|= 4, i = 1; 2; : : : ; q. The following cases arise:
(I) d= 1 + 12, t = 2 + 4h,h¿ 0, n= 482 + 16 + 16h+ 9, q = 122 +  − 2h− 1, m= 122 +  + 2h+ 2,
(II) d= 3 + 12, t = 1 + 4h, h¿ 1, n= 482 + 32 + 16h+ 9, q = 122 + 5 − 2h, m= 122 + 5 + 2h+ 2,
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(III) d= 7 + 12, t = 1 + 4h, h¿ 1, n= 482 + 64 + 16h+ 25, q = 122 + 13 − 2h+ 3, m= 122 + 13 + 2h+ 5,
(IV) d= 9 + 12, t = 2 + 4h,h¿ 0, n= 482 + 80 + 16h+ 41, q = 122 + 17 − 2h+ 5, m= 122 + 17 + 2h+ 8.
Case I. Let (C1;B) be a Steiner triple system of order d = 1 + 12. Decompose B into one subset B1 of cardinality
t = 2 + 4h and |B|−t2 = 12
2 +  − 2h− 1 = q subsets B2;B3; : : : ;Bq+1, each of cardinality 2.
Step 1: Let B1 = {{xi1; xi2; xi3} |= 1; 2; : : : ; t}. For every i = 1; 2; : : : ; t construct the following 4-cycles:













































3; decompose the bipartite graph KCi+1 ;C1\{xi1 ;xi2 ;xi3}.
Step 2: For every j = 1; 2; : : : ; t2 , decompose the complete bipartite graph KC2j ;C2j+1 as follows:



















































































































Step 3: Type d: for every ; # = 2; 3; : : : ; t + 1 such that  = #, {; #} = {2j; 2j + 1}, j = 1; 2; : : : ; t2 , decompose the
complete bipartite graph KC;C# into 4-cycles.
Step 4: For every i = 1; 2; : : : ; q, we construct as in the proof of Corollary 3.4 the 4-cycles covering the edges of the
two triples of Bi+1 and the complete graphs KCi+t+1 and KC1 ;Ci+t+1 .
Step 5: Type d: decompose into 4-cycles the complete bipartite graphs KC";C , "= 2; 3 : : : ; t + 1, = t + 2; t + 3; : : : ; m.
Case II. Let (C1;B) be a Steiner triple system of order d= 3 + 12. Decompose B into one subset B1 of cardinality
t = 1 + 4h and |B|−t2 = 12
2 + 5 − 2h= q subsets B2;B3; : : : ;Bq+1, each of cardinality 2.
Step 1: Proceed as in Step 1 of Case (I) above.
Step 2: For i = 1; 2; 3 construct the following 4-cycles (i + 1 is reduced (mod 3) to the range {1; 2; 3}):






























































































Step 3: If t¿ 5, then for j= 1; 2; : : : ; t−32 , decompose the complete bipartite graph KC2j+3 ;C2j+4 as in Step 2 of Case (I)
above.
Step 4: Type d: for every ; #=2; 3; : : : ; t+1 such that  = #, {; #} = {2j+1; 2j+2} for j=2; 3; : : : ; t−12 , decompose
the complete bipartite graph KC;C# into 4-cycles.
Step 5: Proceed as in Steps 4 and 5 of Case (I) above.
Cases (III) and (IV) can be proved as (II) and (I), respectively.
Corollary 4.4. F(9) = ∅, F(17) = {3}, F(25) = {3; 4},
F(33) = {3; 4; 5; 6; 7}.
Proof. From Theorems 2.1, 2.2 and 2.3, it follows F(9)= ∅, F(17) ⊆ {3}, F(25) ⊆ {3; 4} and F(33) ⊆ {3; 4; 5; 6; 7}.
From Theorem 2.6 it follows 3∈F(17), 3∈F(25) and 3; 4∈F(33). From Corollary 3.4 it follows 7∈F(33). To
complete the proof it suJces to prove that 4∈F(25) and 5; 6∈F(33).
4∈F(25). Colour classes C1 = {x1; x2; : : : ; x9}, C2 = {a1; a2; : : : ; a6}, C3 = {b1; b2; : : : ; b6}, C4 = {c1; c2; c3; c4}. Blocks:
1. Type c: a1x1x2a2, a2x1x3a4, b3x1x4b4, a5x1x5a3, a6x1x6a5,
b1x1x7b2, b2x1x8b3, b4x1x9b1, a1x2x3a3, b1x2x4b3, a4x2x5a5,
a6x2x6a4, b2x2x7b6, a3x2x8a2, a5x2x9a2, a1x3x4a5, a2x3x5a6,
b3x3x6b5, c1x3x7c2, c2x3x8c3, b6x3x9b4, a3x4x5a4, a6x4x6a3,
b1x4x7b5, b2x4x8b5, a4x4x9a1, c1x5x6c3, c2x5x7c4, b5x5x8b6,
b4x5x9b5, b6x6x7b3, a6x6x8a1, c1x6x9c4, b4x7x8b2, b1x7x9b6,
c4x8x9c3.
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2. Type d: x1a3x7a4, x3a5x7a6, x4a1x5a2, x6a1x7a2, x8a3x9a4,
x8a5x9a6, x2b6x5b3, x1b6x4b5, x6b4x8b1, x3b2x5b1, x6b3x9b2,
x2b5x3b4, x3c3x5c4, x4c1x7c3, x4c2x6c4, x8c1x9c2, x1c1x2c2,
x3c3x4c4. Decompose the complete bipartite graphs
KC2 ;C3 , KC2 ;C4 , KC3 ;C4 into 4-cycles.
6∈F(33). Colour classes: C1 = {x1; x2; : : : ; x9}, C2 = {a1; a2; : : : ; a6},
C3 = {b1; b2; : : : ; b6}, C4 = {t1; t2; t3; t4}, C5 = {y1; y2; y3; y4},
C6 = {u1; u2; u3; u4}. Let




i=1Bi) is a Steiner triple system. Pairing Bi and Ci+3, i = 1; 2; 3, construct 4-cycles as in the proof of Corollary
3.4. Moreover construct the following 4-cycles:
1. Type c: x1x5a1a2, x1x9a6a3, x5x9a5a6, x2x6a1a4, x2x7a2a5,
x6x7a3a4, x3x4a2a3, x3x8a4a6, x4x8a1a5, x1x6b1b2, x1x8b6b3,
x6x8b5b6, x2x4b1b4, x2x9b2b5, x4x9b3b4, x3x5b2b3, x3x7b4b6,
x5x7b1b5, a1a3b4b5, a1a6b1b6, a2a6b4b2, a2a4b3b5, a3a5b2b6,
a4a5b3b1.
2. Type d: a1x1a4x9, a1x2a2x3, a1x4a4x7, a2x5a3x6, a2x8a3x9,
a3x2a6x4, a4x3a5x5, a5x1a6x6, a5x7a6x8, b1x1b4x8, b1x2b2x3,
b1x5b4x9, b2x4b3x6, b2x7b3x8, b3x2b6x5, b4x3b5x6, b5x1b6x4,
b5x7b6x9, a1b1a3b2, a1b3a2b4, a2b1a5b6, a3b3a6b5, a4b2a6b6,
a4b4a5b5. Decompose into 4-cycles the complete bipartite graphs KCi;Cj , i; j = 2; 3; 4; 5; 6, i = j, {i; j} = {2; 3}.
5∈F(33). Colour classes: C1 = {x1; x2; : : : ; x9}, C2 = {a1; a2; : : : ; a6}, C3 = {b1; b2; : : : ; b6}, C4 = {t1; t2; : : : ; t6}, C5 =
{y1; y2; : : : ; y6}. Form type d blocks by decomposing the complete bipartite graphs KC2 ;C4 , KC2 ;C5 , KC3 ;C4 , KC3 ;C5 into
4-cycles. Let (C1;D1 ∪ D2) be the above Steiner triple system where D1 = B4 and D2 = ⋃3i=1Bi. Pairing D1 and the
colour classes C2 and C3, construct the 4-cycles given in 1 and 2 above. Analogously, pairing D2 and the colour classes
C4 and C5, we can construct the remaining 4-cycles.
5. Open questions
1. Prove or disprove that the upper bound found in Theorems 3.3 and 4.2 coincides with the maximum of the feasible
set.
2. Find maxF(n) for every admissible n (see Corollaries 3.4, 3.5, 3.7, 4.3).
3. In Corollary 4.4 is given F(n) for n= 17; 25; 33. Determine F(n) for every admissible n.
4. Study type S m-coloured 4-cycle systems, for all possible subsets S of {a; b; c; d; e; f; g} (see [8]).
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